We generalize a result on bifurcation from infinity of high order ordinary differential equations with multi-point boundary conditions. Our abstract setting represents a variant of Nonlinear Krein-Ruthman theorems. Furthermore, an analysis of this abstract setting raises an open question motivated by some misunderstanding and inconclusive proofs about the simplicity of principal eigenvalues in some articles in the literature.
Introduction
In this paper, we generalize and improve a result of Coyle et al. [1] about the bifurcation from infinity after stating in the line of Nussbaum [2] , Schmitt [3] , etc., a type of nonlinear Krein-Rutman theorem for a class of positively 1 -homogeneous, compact and continuous operators in Banach spaces leaving invariant cones.
Our method is motivated by the maximum principle of Degla [4] and a result on the principal eigenvalue of multi-point Boundary Value Problems (BVP's) of Degla [5] which allow the use of cone theoretic arguments and of the well-known general result on bifurcation from infinity; see Coyle [1] , Mawhin [6] and Rabinowitz [7] .
Furthermore, in our abstract setting, the nonlinear Krein-Rutman Theorem resets an important result on the simplicity of positive eigenvalues [8] by avoiding some inconclusive argument [8] (page 3086, lines 29-37) also misused in [9] (page 550, lines 15-27). However the gap in their arguments under their assumptions, remains an open question.
Preliminary Definitions and Notations
We say that a nonempty subset  of a Banach space X is a cone if it is closed and 1) + ⊂    , 2) , A cone  of a Banach space X is said to be generating if X = −   , and total if X = −   . Given a Banach space X with dual X ′ , if a cone  of X is generating, then the set defined by
is a cone of X ′ called the dual cone of  . The positive cone  of an ordered Banach space X is said to be normal if there exists a positive constant 
cf. [11] .
Furthermore G will denote the Green function associated to the Boundary Value Problems (in short BVP's)
, we shall adopt the notation ( ) 
In case that T is linear, its spectral radius ( )
r T is such a positive eigenvalue and satisfies
with the property
then T has a unique positive eigenvalue and a unique positive normalized eigenvector.
In case that T is linear, this positive eigenvalue coincides with the spectral radius ( ) r T of T , is algebraically simple and has the following variational characterization:
( )
Furthermore the conclusion of b) can be heuristically motivated by the application of the Krein-Rutman theorem to the quotient space 
The following example illustrates Proposition 1.1. Example 1.5. Consider the system of boundary value problems:
with λ as a real parameter and 
which contains all possible solutions of our eigenvalue problem, and by letting 
by the strong classical maximum principle. The conclusion follows. 
Bifurcation from Infinity of Conjugate Multipoint BVPs
This part can be considered as a more elaborated application of the main result of the previous section.
In the sequel we shall make use of the notations mentioned in Section 2. According to this, , 
G. Degla
Now we recall a standard result on bifurcation theory which together with Lemma A will prove our Theorem 2.1 which is about a bifurcation from infinity for conjugate multipoint BVPs. 
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By applying again Ascoli theorem we see that there exists a subsequence of ( ) 
